Abstract Lower bounds on the number of permutations p of {1, 2, . . . , n} satisfying
T. Kløve
Let ι denote the identity permutation in S n . The object of study in this paper is V (d, n), the number of permutations in S n within distance d of the identity permutation, that is
We note that since d max (ι, q) = d max ( p, pq) for any permutation p ∈ S n , the number of permutations in S n within distance d of p will also be V (d, n). In [6] this fact was used to obtain a Plotkin type bound for permutation arrays.
In general, no simple expression for V (d, n) is known. As far as I can tell, this particular problem was first discussed by Lagrange [7] in 1962. He limited his study to d ≤ 3. He found sets of recursions that could be used to compute V (d, n) numerically. The method was ad hoc, and already for d = 3, the recursions and the discussion leading up to them became quite complicated. The case d = 3 takes over five pages in his paper.
The problem was next considered by Lehmer [8] in 1970. For fixed d, V (d, n) satisfies a linear recurrence in n. Lehmer determined the recurrences and generating functions for d ≤ 3. The first values of V (1, n), V (2, n), and V (3, n) and the generating functions are given as sequences A000045, A002524, and A002526, respectively, in [10] .
One proof of the fact that V (d, n) satisfies a linear recurrence in n is given in Stanley's textbook [11] (Proposition 4.7.8 on page 246); Stanley considers a wider class of related problems and he used a transfer-matrix method.
Baltić studied the problem more recently. Only a very short abstract of his work has been published, in [1] , p. 105. He has computed values of V (4, n) for n ≤ 24, posted in [10] as sequence A072856.
The fact that V (d, n) satisfies a linear recurrence implies that Table 1 .
The purpose of this paper is to study lower bounds on V (d, n).
Lower bounds
The permanent of an n × n matrix A is defined by
In particular, if A is a (0, 1)-matrix, then 
= 0 otherwise. We immediately get the following (well-known) result:
Lehmer [8] stated (without giving any details) that the "van der Waerden conjecture" can be used to prove that
The van der Waerden conjecture (now theorem, see e.g. [13, p.104] ) states that for a doubly stochastic n × n matrix, the permanent is lower bounded by n!/n n . Doubly stochastic means that all the elements are non-negative and that the sum of the elements in any row or column is 1. If A is an n × n matrix where the sum of the elements in any row or column is k, then van der Waerdens's theorem shows that the permanent is lower bounded by n!k n /n n . In A (d,n) , most rows and columns have sum 2d +1, but not all. For a closely related matrix B (d,n) , all rows and columns have sum 2d + 1. The matrix B (d,n) is defined as follows:
by changing elements in the upper left and lower right corners from 1 to 2. From the discussion above we see that
The elements in B (d,n) with value 2 are all located in the first d and the last d columns. Hence from the definition (1), we see that
and so
We see that (5) implies that
when n → ∞, that is, (2) is true. One way to improve the lower bound in (5) along the same line is to improve the bound (4), and we (essentially) do this next. Let C be the d × 2d matrix in the upper left corner of B (d,n) , that is, for 1 ≤ i ≤ d we have
Further, let
The numbers (ρ, τ, n + 2d) will vary with ρ and τ . However, we have 
By (3), we get

Theorem 1
This gives an improvement of (5). To show how large the improvement is, we have to determine or at least estimate ω d . Our argument is heuristic in that one step in the argument will be based on numerical evidence only.
It is not obvious how we can obtain a useful general formula for d from its definition. We (first) computed d by exhaustive search for 1 ≤ d ≤ 7. In the next table we give these values: :
A search in [10] came up with one sequence, A074932, that coincides with these seven first terms. We will denote this sequence by
Since the numbers are so large, it is quite likely that it is not a coincidence that d = * d for d ≤ 7 and that these sequences are the same for all d. We also computed (again by exhaustive search) 8 = 463936896 and 9 = 14246942336
and checked that 8 = * 8 and 9 = * 9 as well. Based on this, we make the following conjecture.
So far, we do not have a proof of this conjecture. However, we will estimate * d and get a conjectured estimate for d . Let
From (8) we get
If we write m = λd, we have for, 0 < λ < 1 (see e.g. [9, p. 466] ):
Then we get
First, we see that
Hence,
For S 1 we get
Similarly,
) for d sufficiently large, and numerical results strongly indicate that this is the case for all d ≥ 3. Combining this with (6), we get
provided * d = d . Hence, (6) clearly improves (5) (at least provided * d = d ).
Comments on Conjecture 1
There is an old saying: "If you can't solve it, generalize it". The idea is that a more general problem may shed some light on a problem and even lead to a solution. Let us generalize the matrix C to a matrix C x that has the value x where C has the value 2 and ask the same question as before. To be precise, let C x be the d × 2d matrix defined by
